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Abstract 

Generalizing a theorem of Ph. Dwinger [7], we describe the partially ordered set of 
all (up to equivalence) zero-dimensional locally compact Hausdorff extensions of a 
zero-dimensional Hausdorff space. Using this description, we find the necessary and 
sufficient conditions which has to satisfy a map between two zero-dimensional Haus- 
dorff spaces in order to have some kind of extension over arbitrary given in advance 
Hausdorff zero-dimensional local compactifications of these spaces; we regard the fol- 
lowing kinds of extensions: continuous, open, quasi-open, skeletal, perfect, injective, 
surjective. In this way we generalize some classical results of B. Banaschewski [1] 
about the maximal zero-dimensional Hausdorff compactification. Extending a recent 
theorem of G. Bezhanishvili [2], we describe the local proximities corresponding to 
the zero-dimensional Hausdorff local compactifications. 
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Introduction 

In [1], B. Banaschewski proved that every zero- dimensional Hausdorff space X has 
a zero- dimensional Hausdorff compactification (3qX with the following remarkable 
property: every continuous map / : X — > Y, where y is a zero-dimensional Haus- 
dorff compact space, can be extended to a continuous map Pof : PoX — ^ Y; in 
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particular, PqX is the maximal zero- dimensional Hausdorff compactification of X. 
As far as I know, there are no descriptions of the maps / for which the extension 
Pof is open or quasi-open. In this paper we solve the following more general prob- 
lem: let / : X — > y be a map between two zero-dimensional Hausdorff spaces and 
{IX, Ix), {lY, ly) be Hausdorff zero-dimcnsional locally compact extensions of X and 
Y, respectively; find the necessary and sufficient conditions which has to satisfy the 
map / in order to have an "extension" g : IX — > lY (i.e. g o Ix = W ° f) which is a 
map with some special properties (we regard the following properties: continuous, 
open, perfect, quasi-open, skeletal, injective, surjective). In [10], S. Leader solved 
such a problem for continuous extensions over Hausdorff local compactifications (= 
locally compact extensions) using the language of local proximities (the later, as he 
showed, are in a bijective correspondence (preserving the order) with the Hausdorff 
local compactifications regarded up to equivalence) . Hence, if one can describe the 
local proximities which correspond to zero-dimensional Hausdorff local compactifi- 
cations then the above problem will be solved for continuous extensions. Recently, 
G. Bezhanishvili [2], solving an old problem of L. Esakia, described the Efremovic 
proximities which correspond (in the sense of the famous Smirnov Compactification 
Theorem [16]) to the zero-dimensional Hausdorff compactifications (and called them 
zero- dimensional Efremovic proximities). We extend here his result to the Leader's 
local proximities, i.e. we describe the local proximities which correspond to the 
Hausdorff zero-dimensional local compactifications and call them zero- dimensional 
local proximities (see Theorem 3.2). We do not use, however, these zero-dimensional 
local proximities for solving our problem. We introduce a simpler notion (namely, 
the admissibe ZLB-algebra) for doing this. Ph. Dwinger [7] proved, using Stone Du- 
ality Theorem [17], that the ordered set of all, up to equivalence, zero-dimensional 
Hausdorff compactifications of a zero-dimensional Hausdorff space is isomorphic to 
the ordered by inclusion set of all Boolean bases of X (i.e. of those bases of X which 
are Boolean subalgebras of the Boolean algebra CO{X) of all clopen (= closed and 
open) subsets of X). This description is much simpler than that by Efremovic prox- 
imities. It was rediscovered by K. D. Magill Jr. and J. A. Glasenapp [11] and applied 
very successfully to the study of the poset of all, up to equivalence, zero-dimensional 
Hausdorff compactifications of a zero-dimensional Hausdorff space. We extend the 
cited above Dwinger Theorem [7] to the zero- dimensional Hausdorff local compact- 
ifications (see Theorem 2.3 below) with the help of our generalization of the Stone 
Duality Theorem proved in [5] and the notion of "admissible ZLB-algebra" which 
we introduce here. We obtain the solution of the problem formulated above in the 
language of the admissible ZLB-algebras (see Theorem 4.8). As a corollary, we char- 
acterize the maps / : X — > Y between two Hausdorff zero- dimensional spaces X 
and Y for which the extension /3o/ : — PoY is open or quasi-open (see Corol- 
lary 4.9). Of course, one can pass from admissible ZLB-algebras to zero-dimensional 
local proximities and conversely (sec Theorem 3.4 below; it generalizes an analogous 
result about the connection between Boolean bases and zero-dimensional Efremovic 
proximities obtained in [2]). 
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We now fix the notations. 

If 6 denotes a category, we write X e | C| if X is an object of C, and / e Q{X, Y) 
if / is a morphism of C with domain X and codomain Y . By Mq we denote the 
identity functor on the category G. 

All lattices arc with top (= unit) and bottom (= zero) elements, denoted 
respectively by 1 and 0. Wc do not require the elements and 1 to be distinct. 
Since we follow Johnstone's terminology from [9], we will use the term pseudolattice 
for a poset having all finite non-empty meets and joins; the pseudolattices with a 
bottom will be called {0} -pseudolattices. If S is a Boolean algebra then we denote 
by Ult{B) the set of all ultrafilters in B. 

If X is a set then we denote the power set of X by P{X); the identity function 
on X is denoted by idx- 

If {X, t) is a topological space and M is a subset of X, we denote by cl(x,r)(-^) 
(or simply by cl(M) or clx{M)) the closure of M in {X,t) and by int(x,T)(-^) (or 
briefly by int(M) or intx(M)) the interior of M in {X,t). 

The closed maps and the open maps between topological spaces are assumed 
to be continuous but arc not assumed to be onto. Recall that a map is perfect if it 
is closed and compact (i.e. point inverses are compact sets). 

For all notions and notations not defined here see [7, 8, 9, 14]. 

1 Preliminaries 

We will need some of our results from [5] concerning the extension of the Stone Dual- 
ity Theorem to the category ZLC of all locally compact zero-dimensional Hausdorff 
spaces and all continuous maps between them. 

Recall that if {A, <) is a poset and B C A then B is said to be a dense subset 
of A if for any a e A \ {0} there exists b e B \ {0} such that b < a. 

Definition 1.1 ([5]) A pair {A, I), where A is a Boolean algebra and / is an ideal 
of A (possibly non proper) which is dense in A, is called a local Boolean algebra 
(abbreviated as LBA). Two LBAs {A, I) and {B, J) are said to be LBA-isomorphic 
(or, simply, isomorphic) if there exists a Boolean isomorphism (p : A — > B such 
that ip{I) = J. 

Let A be a distributive {0}-pseudolattice and Idl{A) be the frame of all ideals 
of A. If J e Idl{A) then we will write -i^ J (or simply -i J) for the pseudocomplement 
of J in Idl{A) (i.e. = V{^ e Idl{A) \ I A J = {0}}). Recall that an ideal J of 
A is called simple (Stone [17]) if J V -iJ = A (i.e. J has a complement in Idl{A)). 
As it is proved in [17], the set Si{A) of all simple ideals of A is a Boolean algebra 
with respect to the lattice operations in Idl{A). 

Definition 1.2 ([5]) An LBA {BJ) is called a ZLB-algebra (briefly, ZLBA) if, for 
every J e Si{I), the join \/^ J(= \/^{a \ a e J}) exists. 
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Let ZLBA be the category whose objects are all ZLBAs and whose morphisms 
are all functions tp : {B,I) — > between the objects of ZLBA such that 

ip : B — > Bi is a Boolean homomorphism satisfying the following condition: 

(ZLBA) For every b E h there exists a E I such that b < ip{a); 

let the composition between the morphisms of ZLBA be the usual composition 
between functions, and the ZLBA-identities be the identity functions. 

Example 1.3 ([5]) Let S be a Boolean algebra. Then the pair {B,B) is a ZLBA. 

Notations 1.4 Let X be a topological space. We will denote by CO{X) the set of 
all clopen (= closed and open) subsets of X, and by CK{X) the set of all clopen 
compact subsets of X. For every a; e A, we set = {F e CO{X) \ X e F}. 

When there is no ambiguity, we will write "tt^" instead of "u^*^*^^^". 

The next assertion follows from the results obtained in [15, 5]. 

Proposition 1.5 Let {A, I) be a ZLBA. Set X = {u e Ult{A) | mH / ^ 0}. Set, for 
every a E A, X'^^a) = {u E X \ a E u} . Let t be the topology on X having as an open 
base the family {A5(a) | a E /}. Then (A, r) is a zero- dimensional locally compact 
Hausdorff space, X^{A) = CO{X), A5(J) = CK{X) and : A — > CO{X) is 
a Boolean isomorphism; hence, : {A, I) — > {CO{X),CK{X)) is a ZLBA- 
isomorphism. We set Q°'{A,I) — (A, r). 

Theorem 1.6 ([5]) The category ZLC is dually equivalent to the category ZLBA. 
In more details, let : ZLBA — > ZLC and O* : ZLC — ^ ZLBA be two 

contravariant functors defined as follows: for every X E |ZLC|, we set 9* (A) = 
{CO{X),CK{X)), and for every f E ZLC(A,F), e*(/) : Q\Y) — ^ e*(A) is 
defined by the formula 9*(/)(G) = f^^{G), where G E CO{Y); for the definition of 
Q"-{B,I), where {B,I) is a ZLBA, see 1.5; for every p E ZLBA{{B, I), {Bi, J)), 
e%cp) : e«(Bi, J) — > e"(5, /) is given by the formula e"((^)(?/') = (p-^{u'), W E 
e"(Si, J); then t^ : Mzlc — ' o^, where t^{X) = t^, VA E |ZLC| and 
tx{x) = u'^ , for every x E X, is a natural isomorphism (hence, in particular, 
tx '■ X — > 0"(0*(A)) is a homeomorphism for every X E |ZLC|^; also, A*-^ : 
Idzi^GA — ©*o©", where X^{B,I) = X%, V(i?,/) E |ZLBA|, is a natural isomor- 
phism. 

Finally, we will recall some definitions and facts from the theory of extensions 
of topological spaces, as well as the fundamental Leader's Local Compactification 
Theorem [10]. 

Let A be a TychonofF space. We will denote by ^{X) the set of all, up to 
equivalence, locally compact Hausdorff extensions of A (recall that two (locally 
compact Hausdorff) extensions (Yi, /i) and (I2, /2) of A are said to be equivalent iff 
there exists a homeomorphism h : li — > Y2 such that h o f^ = f2). Let [(1^, /,)] E 
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where i = 1,2. We set < [(12, /2)] if there exists a continuous 

mapping h : Y2 — > Yi such that fi = ho Then (£(X), <) is a poset (=partially 
ordered set). 

Let X be a Tychonoff space. We will denote by X{X) the set of all, up to 
equivalence, Hausdorff compactifications of X. 

1.7 Recall that if X is a set and P{X) is the power set of X ordered by the 
inclusion, then a triple (X, S, !B) is called a local proximity space (see [10]) if S is an 
ideal (possibly non proper) of P{X) and 5 is a symmetric binary relation on P{X) 
satisfying the following conditions: 

(PI) 0(-(5)A for every A C X - 5" means "not 5"); 

(P2) ASA for every A ^ 0; 

(P3) A6{B U C) iff A6B or ASC; 

(BCl) If A G S, C C X and A < C (where, ioi D, E C X, D <^ E iff D{-S) {X\E)) 
then there exists a S G S such that A <ti B C; 

(BC2) If A5C, then there is a 5 G S such that 5 C C and A6B. 

A local proximity space {X, 6, B) is said to be separated if 6 is the identity relation 
on singletons. Recall that every separated local proximity space (X, S, S) induces 
a Tychonoff topology T(^x,5,'B) in X by defining cl(M) — {x e X \ x5M} for every 
M C X ([10]). If (X, r) is a topological space then we say that (X, 5, S) is a local 
proximity space on (X, r) if T(x,5,2) = t- 

The set of all separated local proximity spaces on a Tychonoff space (X, r) 
will be denoted by ^a'(X,r). An order in ^^(X, r) is defined by (X,/3i,Si) ^ 
{X,p2, 'B2) if P2 C /3i and B2 C Si (see [10]). 

A function / : Xi — > X2 between two local proximity spaces (Xi, Si) and 
(X2,/32, B2) is said to be an equicontinuous mapping (see [10]) if the following two 
conditions are fulfilled: 

(EQl) Al3iB implies f{A)f32f{B), for A,BCX, and 
(EQ2) S G Si implies /(5) G S2. 

Theorem 1.8 (S. Leader [10]) Let (X, r) &e a Tychonoff space. Then there exists 
an isom,orphism Ax between the ordered sets (£j(X, r),<) and (£jT(X, r), ^). In 
more details, for every (X, p, S) G £;T(X, r) there exists a locally compact Hausdorff 
extension {Y, f) of X satisfying the following two conditions: 

(a) ApB iffdY{f{A)) n cWifiB)) ^ 0; 

(b) B eT, iffdrifiB)) is compact. 

Such a local compactification is unique up to equivalence; we set (Y, /) = L{X, p, S) 
and (Ax)~^(X, p, S) = [(Y,/)]. The space Y is compact iff X E'B. Conversely, if 

{Y, f) is a locally compact Hausdorff extension of X and p and S are defined by (a) 
and (b), then (X, p, S) is a separated local proximity space, and we set Ax([(Y, /)]) = 
(X,p,B). 
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Let {Xi, Pi, Sj), i = 1,2, be two separated local proximity spaces and f : Xi — > 
X2 be a function. Let {Yi, fi) = L{Xi, (3i,'Bi) , where i = 1,2. Then there exists a 
continuous map L{f) : Yi — > Y2 such that /20/ = L{f)ofi iff f is an equicontinuous 
map between {Xi, and {X2, P2,'^2)- 

Recall that a subset F of a topological space (X, r) is called regular closed if 
F — cl(int(F)). Clearly, F is regular closed iff it is the closure of an open set. For 
any topological space {X, r) , the collection RC {X, r) (we will often write simply 
RC{X)) of all regular closed subsets of {X,t) becomes a complete Boolean algebra 
{RC{X, r), 0, 1, A, V, *) under the following operations: 1 = X, = 0, F* = cl(X \ 
F),F y G = F U G, F A G = cl(int(F n G)). The infinite operations arc given by 
the following formulas: V{^7 I 7 e T} = c\{[j{F^ I 7 ^ T}) and A{-^7 | 7 e T} = 
cl(int(f]{F^ I 7 e r})). We denote by CR{X,t) the family of all compact regular 
closed subsets of {X,t). We will often write CR{X) instead of CR{X,t). 

We will need a lemma from [3] : 

Lemma 1.9 Let X be a dense subspace of a topological space Y. Then the functions 
r : RC{Y) — > RC{X), F^FnX, ande: RC{X) — > RC{Y), G ^ cIy(G'), are 
Boolean isomorphisms between Boolean algebras RC{X) and RC{Y), and e o r — 
idRC{Y), r o e = idRC{x)- 

2 A Generalization of Dwinger Theorem 

Definition 2.1 Let X be a zero-dimensional HausdorfT space. Then: 

(a) A ZLBA {A, I) is called admissible for X if A is a Boolean subalgebra of the 
Boolean algebra CO{X) and / is an open base of X. 

(b) The set of all admissible for X ZLBAs is denoted by 2;yi(X). 

(c) If (Ai,7i), (^2,-^2) e ZA{X) then we set ^0 (-42, ^2) if A is a Boolean 
subalgebra of A2 and for every V E I2 there exists U E Ii such that V CU. 

Notation 2.2 The set of all (up to equivalence) zero-dimensional locally compact 
Hausdorff extensions of a zero-dimensional Hausdorff space X will be denoted by 
'Co(X). 

Theorem 2.3 Let X be a zero- dimensional Hausdorff' space. Then the ordered sets 
{Lq{X),<) and (2kA(X),^o) o'^e isomorphic; moreover, the zero- dimensional com- 
pact Hausdorff extensions of X correspond to ZLBAs of the form {A, A). 

Proof. Let {Y, f) be a locally compact Hausdorff zero-dimensional extensions of X. 

Set 

(1) A^yj) = f-\GO{Y)) and I^yj^ = f-\CK{Y)). 
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Note that A^yj) = {F E CO{X) \ cly(/(F)) is open in Y} and I^yj) = {F e 
A(Y,f) I cly(/(F)) is compact}. We will show that {A(^yj), I{yj)) E ZA{X). Ob- 
viously, the map r'^y^^ : {CO{Y),CK{Y)) (A^yj), liYj)),' G ^ f-\G), is a 
Boolean isomorphism such that r^Y,f){GK{Y)) — I{yj)- Hence (A(yj), /(yj)) is a 
ZLBA and t^{yj^ is an LBA-isomorphism. It is easy to see that I{yj) is a base of X 
(because Y is locally compact). Hence {A(jj-), I(yj)) G 2J\.{X). It is clear that if 
{Yi, fi) is a locally compact Hausdorff zero-dimensional extensions of X equivalent 
to the extension {Y,f), then (^(yj), /(yj)) = (^(y^ j^), /(y^ j^)). Therefore, a map 

(2) : Lo(X) ZA(X), [(Y, /)] ^ (A(y,/), 
is well-defined. 

Let {A, I) e ZA{X) and Y = Q^iA, I). Then F is a locally compact Hausdorff 
zero-dimensional space. For every x e X, set 

(3) u^,A = {F eA\xeF}. 

Since J is a base of X, we get that Ux,a is an ultrafilter in A and Ux,a n / 7^ 0, i.e. 
Ux.A e ^- Define 

(4) /(A J) : ^ — Ux,A- 

Set, for short, / = f(A,i)- Obviously, cly(/(X)) = Y. It is easy to see that / 
is a homcomorphic embedding. Hence (Y, /) is a locally compact Hausdorff zero- 
dimensional extension of X. We now set: 

(5) : ZA(X) Lo{X), {A, I) ^ [{e^{A, I), f^^,!))]- 

We will show that ° f^x — idzA{x) and (3x o — 'i'dLoix)- 
Let [(y,/)] e Lo{X). Set, for short, A = A(yj), 7 = 7(yj), g = /(a,/), 
Z = e-{A,I) and = rf^^^). Then /3iK([(r, /)])) = = [iZ,g)]. We 

have to show that [(!",/)] = [(Z, (/)]. Since ip is an LBA-isomorphism, we get that 
h = e"(^) : Z — > 0"(0*(F)) is a homeomorphism. Set Y' = 0"(0*(y)). By 
Theorem 1.6, the map ty : Y — > Y', y ^ Uy^'^^'' is a homeomorphism. Let 
h! — [ty]'^ o h. Then h! : Z — > F is a homeomorphism. We will prove that 
/i' o = / and this will imply that [{Y, /)] = [{Z,g)\. Let x e X. Then h'{g{x)) = 
h'{ux,A) = {f'y)-\h{ux,A)) = {ty)-\^-\ux,A))- We have that Ux,a = {f-\F) \ F e 
CO{Y),x e f-\F)} = {(^(F) I F e COiY),xe f-\F)}. Thus ip-^iu^^A) = {F e 
CO{Y) I fix) e F} = u'^^fK Hence {ty)-\ip-\ux,A)) = f{x). So, h' o g = f. 

Therefore, l3x o c^x — "^d^i^^x}- 

Let {A, I) G ZA{X) and Y = 0«(^,J). Set / = f^A,i), B = A^yj) and 
J = /(yj). Then /)) = (B, J). By Theorem 1.6,' we have that A$ : 

(A, I) {CO{Y),CK{Y)) is an LBA-isomorphism. Hence X^{A) = CO{Y) and 
A5(/) = CK{Y). We win show that f-\X^{F)) = F, for every F e A. Recall that 
A5(F) = {u eY \ F e u}. Now we have that if F e ^ then f~\X^{F)) = {x e 
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X I /(x) G A5(F)} = {x e X \ u,,A e AS(F)} - {x e X I F e u,,a} = {x e 
X \ X e F} = F. Thus 

(6) B = /-^(CO(y)) = A andJ = /-^(CX(y)) = I. 

Therefore, a'j^ o p'^ = idzA{x)- 

We will now prove that and Px monotone maps. 

Let [(y,,/,)] e i:o(^), where i ^ 1,2, and [(yi,/i)] < m, f^)]. Then there 
exists a continuous map g : 12 — ^ such that (70/2 = /i. Set A = yl(y.j-) 
and /, = /(y^j^), 2 = 1,2. Then /,)]) = (A,,/,), where 2 = 1,2. We 

have to show that Ai C A2 and for every \/ G /2 there exists U E Ii such 
that V C U. Let F e Ai. Then F' = cly,(/i(F)) G CO(yi) and, hence, G' = 
5-i(F') G C0{Y2). Thus (/2)-HG') G ^2. Since (/2)-^(G') = (/2)-^(^-^(F')) = 
{f2)-\9-\dY,{fi{Fm = {f,)-\c\y,{MF))) = F, wc get that F G A^. Therefore, 
C ^. Further, let V G /a. Then V = c\Y,{f2{V)) G CK{Y2). Thus c/(\/') is 
a compact subset of Yi. Hence there exists U E Ii such that g{V') C clyj(/i([/)). 
Then 1/ C (/2)-^(^-^(^(cly,(/2(F))))) = {h)-\9{V')) C {h)-\dy,{MU))) = U. 
So, Q;5f([(yi, /i)]) z^o Q;x([(^2, /2)])- Hence, cu^ is a monotone function. 

Let now {AiJi) G ZA{X), where i = 1,2, and ^0 (^2,/2). Set, 

for short, = e'^(A,/^) and = /(^^,/,), i = 1,2. Then l3\{A,,h) = [(y.,/.)], 
i = 1,2. We will show that [{Yi, fi)] < [(y2,/2)]. We have that, for i = 1,2, 
fi : X — > Yi is defined by fi{x) = u^^Ai, for every x & X. We also have that 
Ai C A2 and for every V E I2 there exists U E Ii such that V C U. Let us 
regard the function (f : — > {A2,l2), F t-^ F. Obviously, (p is a ZLBA- 
morphism. Then g = : y2 — > Yi is a continuous map. We will prove 

that g o f2 = fi, i-e. that for every x E X, g{ux,A2) = Ux,Ai- So, let x E X. 
We have that Ux^a2 — {F E A2 \ x E F} and g{ux,A2) = V^^^(^2:,A2)- Clearly, 
<^~"^('"x,A2) — {F E Ai r\ A2 \ X E F}. Since Ai C A2, we get that <^~^(Ma;,A2) — 
{FeA,\xEF} = Ux,a,. So. o /2 = /i. Thus [(n, /i)] < [(y2, /2)]. Therefore, 
is also a monotone function. Since = (c^x)"^) we get that (as well as /3^) 
is an isomorphism. □ 

Definition 2.4 Let X be a zero-dimensional Hausdorff space. A Boolean algebra 
A is called admissible for X (or, a Boolean base of X) if A is a Boolean subalgebra 
of the Boolean algebra CO{X) and A is an open base of X. The set of all admissible 
Boolean algebras for X is denoted by 'BA{X). 

Notation 2.5 The set of all (up to equivalence) zero-dimensional compact Haus- 
dorff extensions of a zero-dimensional Hausdorff space X will be denoted by %q{X). 

Corollary 2.6 (Ph. Dwingcr [7]) Let X he a zero- dimensional Hausdorff space. 
Then the ordered sets (%q{X), <) and ((BA^X), C) are isomorphic. 
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Proof. Clearly, a Boolean algebra A is admissible for X iff the ZLBA {A, A) is 
admissible for X. Also, if Ax^A^ are two admissible for X Boolean algebras then 
Ax C A2 iff (Ai, Ai) ^0 (^2,^2)- Since the admissible ZLBAs of the form {A, A) 
and only they correspond to the zero-dimensional compact Hausdorff extensions of 
X, it becomes obvious that our assertion follows from Theorem 2.3. □ 

3 Zero-dimensional Local Proximities 

Definition 3.1 A local proximity (X, (5, is called zero- dimensional if for every 
A,B e'B with A<^B there exists C CX such that A (1 C C B and C < C. 

The set of all separated zero-dimensional local proximity spaces on a Tychonoff 
space {X,t) will be denoted by £.CPo(^, t")- The restriction of the order relation z< 
in £.CP(X, r) (see 1.7) to the set £j'J'o{X,t) will be denoted again by :<. 

Theorem 3.2 Let {X, r) be a zero- dimensional Hausdorff' space. Then the ordered 
sets {^o{X),^) CLnd {L'3^q{X,t).i^) are isomorphic (see 3.1 and 2.3 for the nota- 
tions). 

Proof. Having in mind Leader's Theorem 1.8, we need only to show that if [{Y, /)] G 
L{X) and Ax([(l^, /)]) = {X, 6, S) then y is a zero-dimensional space iff {X, S, S) e 

So, let F be a zero-dimensional space. Then, by Theorem 1.8, 'B — {B C 

X I cly(/(S)) is compact}, and for every A,BCX, A5B iff cly(/(y4))ncly(/(S)) ^ 
0. Let A,B e T> and A <^ B. Then cly(/(y4)) n cly(/(A: \ B)) = 0. Since 
c1y(/(A)) is compact and Y is zero-dimensional, there exists U G CO{Y) such that 
cly(/U)) CY\ cly(/(X \ B)). Set V = f-\U). Then A C 1/ C intx(5), 

cly(/(y)) = [/ and cly(/(X \ y)) = r \ [/. Thus F < \/ and A C 1/ C S. 
Therefore, (AT, 5, 2) G /:yo(^)- 

Conversely, let (AT, 5, S) G £?o(^) and (y, /) = L(X, 5, S) (see 1.8 for the 
notations). Wc will prove that y is a zero-dimensional space. We have again, by 
Theorem 1.8, that the formulas written in the preceding paragraph for B and 5 take 
place. Let y & Y and U be an open neighborhood of y. Since Y is locally compact 
and Hausdorff, there exist Fi,F2 G CR{Y) such that y G Fi C inty(F2) C F2 C [/. 
Let Ai = f''\F,i), z = 1,2. Then cly(/(Ai)) = F,,, and hence Ai G S, for z = 1,2. 
Also, Ai < ^2- Thus there exists C e "B such that Ai C C C A2 and C < C. It is 
easy to see that Fi C cly(/(C)) C F2 and that cly(/(C)) g CO(r). Therefore, Y 
is a zero-dimensional space. □ 

By Theorem 1.8, for every Tychonoff space {X,t), the local proximities of 
the form {X,S, P{X)) on (X, r) and only they correspond to the Hausdorff com- 
pactifications of (X, r). The pairs {X, S) for which the triple {X, 5, P{X)) is a local 
proximity are called Efremovic proximities. Hence, Leader's Theorem 1.8 implies the 
famous Smirnov Compactification Theorem [16]. The notion of a zero-dimensional 
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proximity was introduced recently by G. Bezhanishvili [2]. Our notion of a zero- 
dimensional local proximity is a generalization of it. We will denote by '?o{X) the set 
of all zero-dimensional proximities on a zero-dimensional Hausdorff space X. Now 
it becomes clear that our Theorem 3.2 implies immediately the following theorem 
of G. Bezhanishvili [2]: 

Corollary 3.3 (G. Bezhanishvili [2]) Let {X,t) be a zero- dimensional Hausdorff 
space. Then there exists an isomorphism between the ordered sets {%o{X),<) and 
{'J'o{X,t),^) (see 3.1 and 2.3 for the notations). 

The connection between the zero-dimensional local proximities on a zero- 
dimensional Hausdorff space X and the admissible for X ZLBAs is clarified in the 
next result: 

Theorem 3.4 Let (X, r) be a zero- dimensional Hausdorff space. Then: 

(a) Let {A, I) e ZA{X, r). Set 'B = {M C X \ 3B e I such that M C B}, and for 
every M,N e'B, let M6N ^ (VF e I)[{M C F) ^ {F n N 0)]; fuHher, for 
every K,LCX, let K5L <S=^ [3M, N e 'B such that M C K,N C L and M5N]. 
Then {X, 5,'B)e J^9o{X, r) . Set {X, 5, :B) = Lx{A, I) . 

(b) Let G £yo(^,r). Set A = {F (Z X \ F ^ F} and I ^ Ar\'B. Then 
{A, I) e ZA{X,t). Set {A, I) = lx{X,5,'B). 

(c) PI = (Ax)-^ o Lx and, for every G L^y^iX^r), {[31 o lx){X,5,'B) = 
{h.x)~^{X^5,'B) (see 1.8, (5), as well as (a) and (b) here for the notations); 

(d) The correspondence Lx '■ (2kA(X, r), ^o) — ^ ('^3^o(^, t), ^) is an isomorphism 
(between posets) and L^ = lx. 

Proof. It follows from Theorems 2.3, 3.2 and 1.8. □ 

The above assertion is a generalization of the analogous result of G. Bezhan- 
ishvili [2] concerning the connection between the zero-dimensional proximities on a 
zero-dimensional Hausdorff space X and the admissible for X Boolean algebras. 

4 Extensions over Zero-dimensional Local Com- 
pact ificat ions 

Theorem 4.1 Let {Xi,Ti), where i = 1,2, be zero- dimensional Hausdorff' spaces, 

{Yi, fi) be a zero-dimensional Hausdorff local compactification of{Xi,Ti), = 

ax{Yi, fi) (see (2) and (1) for ckxJ), where i — 1,2, and f : Xi — > X2 be a 

function. Then there exists a continuous function g — ivo(/) : Yi — > Y2 such that 

9 ° fi = f2 ° f iff f satisfies the following conditions: 

(ZEQl) For every G G A^, f-\G) G A holds; 

(ZEQ2) For every F G /i there exists G G J2 such that /(F) C G. 
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Proof. (^) Let there exists a continuous function g : Yi — > I2 such that g o fi — 
f2 o /. By Lemma 1.9 and (6), we have that the maps 

(7) r^, : CO(y,) ^ A,, G ^ (/^)-'(G'), ■ A ^ CO{Y^, F ^ cly,(/,(F)), 

where i — 1,2, are Boolean isomorphisms; moreover, since r^{CK{Yi)) = li and 
e^(/i) = CK{Yi), we get that 

(8) : {CO{Yi),CKiYi)) (A, /i) and e'r : (A, /i) ^ (CO(y.), C'/r(>^0), 
where i = 1, 2, are LB A- isomorphisms. Set 

(9) '0, : C0{Y2) — > CO(Fi), G ^ g-\G), and = o o e^. 
Then ipf : A2 — > Ai. We will prove that 

(10) ijf{G) = f-\G), for every G e A. 

Indeed, let G G A- Then ^;(G') = (rj o o e^)(G) = ifi)'\g-Hc\y,iUGm = 
{xeX,\{go f,){x) G Cly,(/2(G))} = {x G I /2(/(x)) G cly,(/2(G))} = {x G 
^1 I /(a;) G (/2)-Hcly.(/2(G')))} = {x G | /(x) G G} = f-\G). This shows that 
condition (ZEQl) is fulfilled. Since, by Theorem 1.6, ipg = Q^{g), we get that ipg is 
a ZLBA-morphism. Thus -0^ is a ZLBA-morphism. Therefore, for every F G /i 
there exists G E I2 such that f^^{G) ^ F . Hence, condition (ZEQ2) is also checked. 

(<^=) Let / be a function satisfying conditions (ZEQl) and (ZEQ2). Set ■i/'j : A2 — >■ 
Ai, G ^ r^{G). Then i)f : (^2,^2) — > (A, A) is a ZLBA-morphism. Put 
^ = e"(V'/). Then ^ : e'^(A,/i) ©"(A,/2), i.e. ^ : Fi ^ ^2 and ^ is a 
continuous function (see Theorem 1.6 and (5)). We will show that g o fi = f2 ° f ■ 
Let X G Xi. Then, by (4) and Theorem 1.6, g{fi{x)) = g{u^xAi) = (V^/)"H^x-.Ai) = 
{G G A I MG) e u,,aA = {GeA2\xe f-\G)} = {G g A I f{x) e G} = 

Uf{x),A2 = f2{f{x)). Thus, go fi = f20 f. □ 

It is natural to write / : {Xi, Ai, Ii) — > {X2, A2, h) when wc have a sit- 
uation like that which is described in Theorem 4.1. Then, in analogy with the 
Leader's equicontinuous functions (see Leader's Theorem 1.8), the functions / : 
(Xi, A,/i) — > (^2,^2, 12) which satisfy conditions (ZEQl) and (ZEQ2) will be 
called 0- equicontinuous functions. Since I2 is a base of X2, we obtain that every 
0-equcontinuous function is a continuous function. 

Corollary 4.2 Let {Xi,Ti), i = 1,2, be two zero- dimensional Hausdorff spaces, A G 
Syi(X,), (r„ /.) = /9i^(A, A) (see (5) for (3%), where i = 1,2, and f : X, X2 
be a function. Then there exists a continuous function g = L^i^f) : Yi — > Y2 such 
that g o fi = f2 o f iff f satisfies condition (ZEQl). 

Proof. It follows from Theorem 4.1 because for ZLBAs of the form (A, A); where 
i = 1, 2, condition (ZEQ2) is always fulfilled. □ 
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Clearly, Theorem 2.6 implies (and this is noted in [7]) that every zero-dimensi- 
onal Hausdorff space X has a greatest zero- dimensional Hausdorff compactification 
which corresponds to the admissible for X Boolean algebra CO{X). This compact- 
ification was discovered by B. Banaschewski [1]; it is denoted by {(3qX,I3q) and it 
is called Banaschewski compactification of X. One obtains immediately its main 
property using our Corollary 4.2: 

Corollary 4.3 (B. Banaschewski [1]) Let [Xi,Ti), i = l,2, be two zero- dimensional 
Hausdorff' spaces and {0X2,0) be a zero- dimensional Hausdorff' compactification of 
X2. Then for every continuous function f : Xi — > X2 there exists a continuous 
function g : I3qXi — > 0X2 such that g o I3q = co f . 

Proof. Since jS^Xi corresponds to the admissible for Xi Boolean algebra CO{Xi), 
condition (ZEQl) is clearly fulfilled when / is a continuous function. Now apply 
Corollary 4.2. □ 

If in the above Corollary 4.3 0X2 — (3^X2, then the map g will be denoted by 
Recall that a function / : X — > Y is called skeletal ([13]) if 

(11) int(r^(ci(i^)))cci(r^(y)) 

for every open subset V of Y. Recall also the following result: 

Lemma 4.4 ([4]) A function f : X — > Y is skeletal iff int(cl(/(?7))) 7^ 0, for 
every non-empty open subset U of X. 

Lemma 4.5 A continuous map f : X — > Y, where X andY are topological spaces, 
is skeletal iff for every open subset VofY such that cIy{V) is open, clx(/~^(^)) = 
/-i(cly(y)) holds. 

Proof. {=>) Let / be a skeletal continuous map and V be an open subset of Y 
such that cly(y) is open. Let x e /"^(cly (V^)). Then f{x) e dyiV). Since / is 
continuous, there exists an open neighborhood U of x in X such that f{U) C cly (K). 
Suppose that x ^ clx{f~^{V)). Then there exists an open neighborhood W of x in 
X such that W C U and W n f-\V) = 0. We obtain that cly(/(l^)) n V = 
and cly(/(iy)) C cly(/([/)) C cly(y). Since, by Lemma 4.4, inty(cly (/(W^))) ^ 0, 
we get a contradiction. Thus /^^(cly(y)) C dx{f^^{V)). The converse inclusion 
follows from the continuity of /. Hence /^^(cly(V)) = clx(/^^(V^))- 
(<^=) Suppose that there exists an open subset U oi X such that inty (cly(/(f/))) = 
and t/ 7^ 0. Then, clearly, ^ = 1" \ cly(/(t/)) is an open dense subset of Y. Hence 
cly(y) is open in Y. Thus dx{f-\V)) = /-i(cly(F)) = f'\Y) = X holds. 
Therefore X = clx{f-\V)) = clx{f-\Y \ cly(/(C/)))) = clx{X \ /-i(cly(/(C/)))). 
Since U C /-i(cly(/(f/))), we get that X\UD dx(X \ f-\dY(f(U)))) = X, a 
contradiction. Hence, / is a skeletal map. □ 

Note that the proof of Lemma 4.5 shows that the following assertion is also 

true: 
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Lemma 4.6 A continuous map f : X — > Y , where X and Y are topological spaces, 
is skeletal iff for every open dense subset V ofY, c\x{f~^{y)) = X holds. 

Lemma 4.7 Let {Xi,Ti), i = 1,2, be two topological spaces, (1^, /i) be some ex- 
tensions of {Xi.Ti), i = 1,2, f : Xi — > X2 and g : Yi — > Y2 be two continuous 
functions such that g o fi = f2 o f . Then g is skeletal iff f is skeletal. 

Proof. (=^) Let g be skeletal and V be an open dense subset of X2. Set U — Exy^iV), 
i.e. U = y2\clY2(/2(-'^2\^))- Then U is an open dense subset of I2 and f2^{U) = V. 
Hence, by Lemma 4.6, g^^{U) is a dense open subset of Yi. We will prove that 
fi\g-\U)) C f-\V). Indeed, let x G f^\g-\U)). Then gifi{x)) e U, i.e. 
f2{f{x)) e U. Thus f{x) e f2\U) = V. So, f{\g-\U)) C f-\V). This shows 
that f~^{y) is dense in Xi. Therefore, by Lemma 4.6, / is a skeletal map. 

(<^=) Let / be a skeletal map and ?7 be a dense open subset of Y2. Set V — f2^{U). 
Then V is an open dense subset of X2. Thus, by Lemma 4.6, f~^{y) is a dense 
subset of Xi. We will prove that f-\V) C f-^{g-\U)). Indeed, let x e f-\V). 
Then f{x) eV = f2\U). Thus ^(/(x)) G U, i.e. g{f^{x)) e U. So, f-\V) C 
f{^{g \U)). This implies that g^^{U) is dense in Yi. Now, Lemma 4.6 shows that 
g is a skeletal map. □ 

We are now ready to prove the following result: 

Theorem 4.8 Let {Xi,Ti), where i = 1,2, be zero- dimensional Hausdorff spaces. 
Let, for i = 1,2, (Yi, fi) be a zero- dimensional Hausdorff' local com,pactification 
of {X„n), {A, I,) = a^x{Y„f,) (see (2) and (1) for a%), f : {X,,A,,h) 
{X2, A2, 12) be a 0-equicontinuous function and g — Lo{f) : Yi — > Y2 be the contin- 
uous function such that go fi — f2 f (its existence is guaranteed by Theorem 4-1) ■ 
Then: 

(a) g is skeletal iff f is skeletal; 

(b) g is an open map iff f satisfies the following condition: 
(ZO) For every F e h, c\x.Af{F)) E h holds; 

(c) g is a perfect map iff f satisfies the following condition: 

(ZP) For every G E h, f'^G) E h holds (i.e., briefly, f-\l2) Q h); 

(d) cWMyi)) = y2 € dx,{fiXi)) = X2; 

(e) g is an injection iff' f satisfies the following condition: 

(ZI) For every Fi,F2 E Ii such that Fi n F2 = there exist Gi,G2 E I2 with 
n = and f{Fi) C Gi, i = 1, 2; 

(f) g is an open injection iff h C /^^(/a) and f satisfies condition (ZO); 

(g) g is a closed injection iff f^^ih) = h; 

(h) g is a perfect surjection iff f satisfies condition (ZP) and c\x2{f{Xi)) = X2; 

(i) g is a dense embedding iff clx2(/(^i)) = ^2 o-nd Ii C /"^(/a). 
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Proof. Set = Q\9) (see Theorem 1.6). Then ipg : C0{Y2) — > CO{Yi), G ^ 
g-\G). Set also ^/ : — > Ai, G ^ f-\G). Then, (9), (7) and (10) imply that 
i'f = r^oi/jg o e^. 

(a) It follows from Lemma 4.7. 

(b) First Proof. Using [6, Theorem 2.8(a)] and (8), we get that the map g is open 
iff there exists a map ip^ : Ii — > I2 satisfying the following conditions: 

(OZLl) For every F e h and every G e h, (F n f-\G) = 0) ^ (V'^(^) n G = 0); 
(0ZL2) For every F e h, f-\ijf{F)) D F. 

Obviously, condition (0ZL2) is equivalent to the following one: for every F G 
h, fiF) C iljf{F). We will show that for every F G h, ^^(F) C dx^fiF)). 
Indeed, let y G il)^{F) and suppose that y ^ clx2(/(-^))- Since I2 is a base of X2, 
there exists & G e h such that y G G and G n f{F) = 0. Then F D f-^{G) = 
and condition (OZLl) implies that ^-^(F) n G = 0. We get that y ^ i^^iF), a 
contradiction. Thus /(F) C ifj^ {F) C clx2(/(i^)). Since "(p^ [F) is a closed set, we 
obtain that 'ijj^{F) = clx^ifiF)). Obviously, conditions (OZLl) and (0ZL2) are 
satisfied when ip^ [F] = clx2{f{F)). This implies that g is an open map iff for every 
FG/i, clx2(/(i^))e/2. 

Second Proof. We have, by (1), that = {fi)-\GK{Yi)), for i = 1,2. Thus, for 
every F G Ii, where i G {1, 2}, we have that cly^(/i(F)) G CK{Yi). 

Let g be an open map and F G Ji. Then, G = cly^(/i(F)) G CK{Yi). 
Thus g{G) G CK(Y2). Since G is compact, we have that g{G) = 0^2(9 {fi{F))) = 
cly,(/2(/(F))) = cly,(/2(clx2(/(F)))). Therefore, clx^ifiF)) = if2)-'igiG)), i.e. 
dxMiF))el2. 

Conversely, let / satisfies condition (ZO). Since GK(Yi) is an open base of 
Yi, for showing that g is an open map, it is enough to prove that for every G G 
CK{Y,), g{G) = cly,(/2(clx2(/(F)))) holds, where F = {fi)-\G) and thus F G h. 
Obviously, G = cly^(/i(F)). Using again the fact that G is compact, we get that 

g{G) = ^(cly,(/i(F))) = cly,(5(/l(F))) = cly,(/2(/(F))) = cly,(/2(clx,(/(F)))). 

So, g is an open map. 

(c) Since I2 is a locally compact Hausdorff space and CK(Y2) is a base of Y2, we 
get, using the well-known [8, Theorem 3.7.18], that g is a perfect map iff g"^{G) G 
GK(Fi) for every G G CK{Y2). Thus is a perfect map iff ^|Jg{G) G Gir(Fi) for 
every G G G/C(y2)- Now, (8) and (9) imply that is a perfect map <^=^ i^fi^) G /i 
for every G E I2 <^=^ / satisfies condition (ZP). 

(d) This is obvious. 

(e) Having in mind (8) and (9), our assertion follows from [6, Theorem 3.5]. 

(f) It follows from (b), (8), (9), and [6, Theorem 3.12]. 

(g) It follows from (c), (8), (9), and [6, Theorem 3.14]. 

(h) It follows from (c) and (d). 

(i) It follows from (d) and [6, Theorem 3.28 and Proposition 3.3]. We will also give 
a second proof of this fact. Obviously, if is a dense embedding then g{Yi) is an 
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open subset of I2 (because Yi is locally compact); thus g is an open mapping and 
we can apply (f) and (d). Conversely, if clxal/l-'^i)) = ^2 and Ji C f^^i^I^), then, 
by (d), g{Yi) is a dense subset of Y2. We will show that / satisfies condition (ZO). 
Let Fi e /i. Then there exists F2 G I2 such that Fi — /'^{F^). Then, obviously, 
clx2(/(-^i)) ^ -^2- Suppose that (j2 = -F2 \ clx2(/(-^i)) 7^ 0- Since G2 is open, there 
exists X2 G 6*2 n /(Xi). Then there exists Xi G such that f{xi) = X2 G F2. Thus 
Xi G Fi, a contradiction. Therefore, clxiifiFi)) = F2. Thus, clx2(/(-Fi)) G /2. So, 
condition (ZO) is fulfilled. Hence, by (b), g is an open map. Now, using (f), we get 
that g is also an injection. All this shows that ^ is a dense embedding. □ 

Recall that a continuous map / : X — > Y is called quasi-open ([12]) if for 
every non-empty open subset U of X, int(/(C/)) 7^ holds. As it is shown in [4], if 
X is regular and Hausdorff, and / : X — > y is a closed map, then / is quasi-open 
iff / is skeletal. This fact and Theorem 4.8 imply the following two corollaries: 

Corollary 4.9 LetXi, X2 be two zero- dimensional Hausdorff spaces and f : Xi — > 
X2 be a continuous function. Then: 

(d) Pof is quasi-open iff f is skeletal; 

(b) Pof is an open map iff f satisfies the following condition: 
(ZOB) For every F G CO{Xi), dxM\F)) G C0{X2) holds; 

(c) Pof is a surjection iff dx^ifiXi)) = X2; 

(d) (3of IS an injection iff f-\C0{X2)) = CO{Xi). 

Corollary 4.10 Let Xi, X2 be two zero- dimensional Hausdorff spaces, f : Xi — > 

X2 be a continuous function, be a Boolean algebra admissible for X2, {0X2,0) 
be the Hausdorff' zero- dimensional compactification of X2 corresponding to "B (see 
Theorems 2.3 and 2.6) and g : (3qXi — > 0X2 be the continuous function such that 
g o = 00 f (its existence is guaranteed by Theorem 4-3). Then: 

(a) g is quasi-open iff f is skeletal; 

(b) g is an open map iff f satisfies the following condition: 
(ZOC) For every F G CO(Xi), dx,{f(F)) G S holds; 

(c) g is a surjection iff c\x^{f{Xi)) = X2; 

(d) g is an injection iff f'~^{'B) — CO{Xi). 
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